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SOME PROPERTIES OF NEGATIVE PINCHED RIEMANNIAN
MANIFOLDS OF DIMENSIONS 5 AND 7

GRIGORIOS TSAGAS

1. Let M be a compact orientable Riemannian manifold, and denote by
K?(M, R) the vector space of Killing p-forms of the manifold M over the field
R of real numbers. It has been shown [3] that if the manifold M is negative k-
pinched and of even dimension » = 2m (resp. odd dimension n = 2m + 1),
and k > 1/4 (resp. k >2(m — 1)/(8m—75)), then K*(M, R) = 0. In this paper,
we have improved the above result for negative pinched manifolds of dimen-
sions 5 and 7. '

2. We consider a compact orientable negative k-pinched Riemannian mani-
fold M. If a, 8 are two exterior p-forms of the manifold, then the local product
of the two forms «, 8 and the norm of « are defined by

1 il---i p— 1 ilo-.i
(Cl, ﬁ) = —p—!a p‘Bi‘...ip = Fafl...ipﬁ r,

Ialz — —‘];’—ail.“ipair"ip .

If 5 is the volume element of the manifold M, then the global product of the
two exterior p-forms «, 8 and the global norm of « are defined by

@ = [@pn,

el = [lafy .
M

It is well known that the following relation holds [1, p. 187]:

2.1 {a, day = ||oe|* + ||dex]" .
We also have the formula [2, p. 3]: '
1 N _ . 1
2.2) FAlal) = (@ do) — Pl + 7= 0y(@)
where
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Q(a) = (p — DRyma@® ™ 2a™ ..,

— 2R, a%i eyt

2.3)

igeecip 9

2.4) Paf = — 770 a,
D:

1eerip t

If &« € K?(M, R), then it is easy to prove, using the property of « [4, p. 66]:
VXa(Y7X27 c ';Xp) + VYa(X’Xz, v ‘7Xp) - 0,
for Y,X,Xl ET(M) 3

and the relation

2.5 (a, da) = —(p + DQy(a)/p!,

where [ =2, ..., p.

Let P be a point of the manifold M, and consider a normal coodinate system
on the manifold with origin at the point P. It is well known that there is an
orthonormal basis {X,, - - -, X,} in the tangent space M, such that its dual basis
{X¥, - - -, X*} has the property that the exterior 2-form « at the point P takes
the form

(2.6) a = aX¥FNX¥F + auX;xk NXF+ - + azm—l,sz;km—l NXE, .

where m = [n/2].
Since the manifold M is negative k-pinched, the components of the Rieman-
nian curvature tensor at the point P satisfy the relations and the inequalities [3]:

<R(Xi7 Xj)Xh Xn> = Rijh.L y
g;; — U(Xij) = Riji,j s
2.7 —1<0; < -k, [Rjul<L %(1 -k, |Rjul< %(1 — k),

where i = j#+= h #= L
3. Suppose that the manifold M is of dimension 5, and let « be an element
of the vector space K*(M, R). Then we form the following exterior 4-form

(3.1) p= %a/\a.

In this case, the formula (2.6) takes the form
3.2) a = o, X*N\XF + a, X¥N\XF.

The relation (3.1) by virtue of (3.2) becomes
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(3.3). : B = apo, X¥NXFNXFNXF.
From (3.2) and (3.3) we obtain
(3.4 laf = ofy + ai, |B| = @pattsy
For the exterior 4-form § the formula (2.4) becomes
3.5 (PR = P*Baesif B, ises i<y <y <.
In the general case, the cbeﬁ'lcients Birizisi, Of the exterior 4-form g are given by
3.6 st = Xiyi®igi, T @ipig®igis + Ciie Aigis -

By means of (3.6) and from the fact that « is a Killing 2-form, the relation
(3.5) becomes

(3.7 [VBF < adeTy + a7, ,

where T, and T, are linear expressions of terms of the form (V,«,)* whose
: A ply
coefficients are 0, 1, 4. Since « is a Killing 2-form, we have :

3.9 . |Paf =3(F.a,).
Ap<l
From (3.7) and (3.8) and the property of T, T, we obtain the inequality
2 4 2 2
3.9) - WBPE S (Pafiaf.
If we estimate $Q,(a) from the formula (2.3), we have

%Qz(a) = —(o3 + 01 + 05 + 0 + 0y + Ty},

—(0a + 05 + 035 + 0y + 0 + 0
+ 4R 0,00, ,

which gives the inequality, by means of (2.7) and (3.4),
1 - 8
(3.10) 5Qz(a) = 6k |aff — ?(1 — k) |8|.
If we also estimate 3Q,(8) from the same formula (2.3), we obtain

%Q:a(ﬁ) = —3Woy + 05 + 0y + Oplabal, ,
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which implies the inequality, by means of the first of (2.7) and the second of
(3.9,

3.11) %Qxﬂ) > 41k |BF.

It is clear that the above calculations have been done at the point P with
respect to the special orthonormal frame in the tangent space M.
4. If we integrate the formula (3.9), we obtain

@.1) el < %lw Paly .

The relation (2.2) for the exterior 4-form 3 becomes

1 5 _ . 1
S 408D = (5,49 = IPBF + 0P,
from which we have
— _ 0, 1 (1
@.2) 0— l @, 48y — 78I + 6l2Qa(ﬂ)ﬂ-

By means of (2.1) and (3.11), the above equation (4.2) gives
dBIF + [168]F — 1P BIF + 4k1IBIF < O,
or finally
4.3) I7BIF = 4k | Bl .

It is well known that the following formula holds
> Mal) = |afd(al) — @ab),
from which we obtain
(4.4) f|a124(|ag2);y - f(d(]a[Z))Z»y >0.
M M
Since « is a Killing 2-form, (2.2) takes the form, by means of (2.5),

SAap) = ~(Faf — L0@),
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which, by integration of the manifold M and the inequalities (3.10) and (4.4),
gives the inequality

4.5) 3f|a|2 ety < f[4(1 — B)18|laf — 9% |ally .
M M
The inequality (4.5) together with (4.1) and (4.3) implies

98Itk < f[4(1 ~ k) (Bl |}t — 9% |af'Ty ,

or

[19kla — 401 — &) |gilar + 913FKIy < 0.
M

Let f be the function defined by
f = 9%|el* —4(1 — k) |Bl|al* + 9|BF K,
which at the point P takes the form
(4.6) f =9k, + a2)° — 4(1 — Kayoslad, + a2) + Hkagyod, .
It is easy to show that if k > 8/53, then f > 0, where the equality holds if

o, = ag = 0.

From the above we. derive

Theorem X. Let M be a compact orientable negative k-pinched manifold
of dimension 5. If k > 8/53, then KM, R) = 0.

5. We assume that the manifold M is of dimension 7. In this case, the
relation (2.6) becomes

S.1D a = apXF N XF + 03 XF N XF + apeX¥ N XFE
Let 7 be the exterior 6-form defined by

1
7—3—!—0:/\0:/\0:,

which by means of (5.1) becomes
(5.2) T = 0 XEN - AN XF.
From (5.1) and (5.2) we obtain

(5.3 laf = af, + a3 + o, 7] = orypta0s, -
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If we apply the same technique as in § 3, we obtain, in this case, the in-
equalities

(5.4) %Qz(a) > 10k |af — %(1 _ 00,
(5.5) %Qm > 6lk|rf,

where

(5.6 8 = oy + a0y + oy, -

In the general case, the coefficients 7, .., of the exterior 6-form y are
given by

(5.7 Toroows = U + B + ,,C +a,,.D + a,,E,
where
A= a,,0,,, T O, + €Ll
B = a,,0,, + 0, + Xy, s
C = 0,0, T X, + Xy, s
D=a,a, + . + Cpln,
E=0oua. . +a,..c,. +a. .

vovgtugvs vova“tugyg 121 3t T 1 S

The formula (2.4) for the exterior 6-form y becomes
Wrl =V ol s 0 <bp < oo <lg,

which, by means of (5.7) and from the fact that « is a Killing 2-form, is re-
duced to

(5.8) IVT|2 < afﬂi 2+ ity 2.+ ety D13 5

where },,, 2., 2.5 are linear expressions of the terms of the form (V,«,,)* whose
Aply
coefficients are 0, 1, 2, 5.

From (3.8), (5.8) and the property of 3,, 3., 7,; We derive the inequality
IP7F < 3 1Paf (adet + alals + )

which, by means of the inequality
(of, + aj + i)’ > 3ades, + ahass + agaly)

takes the form
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2 5 2 4
5.9 |FrE < 3|l701] [ .
6. From (5.9) we obtain
6.1 217re < [lat Fary.
M
It is well known that the following relation holds
%A(lals) = |af d(|af) — 2 |af (d(af))?,
which implies
6.2) { It 24apry = 0.
M
Since « is a Killing 2-form, then the relation (2.2), by virtue of (2.5), becomes
1 M(af) = ~|daf ~ L0,
2 4
or
l 4 2 4 2 4 1
5 lafd(al) = —|af|Faf — |a ZQz(a),

from which by integration on the manifold M and by the inequalities (5.4) and
(6.2) we obtain

(6.3) 3f|ar Paftp < f[4(1 — Bflal — 15k |afly -
M M

The formula (2.2) for the 6-form y becomes

1

57 .2Q0(T) s

247 = G 4p) = 177+
from which by integration on the manifold M we have
2 1 1
0= f(r, Ay — Pl + ?J'?Qe(r)v,
L4 4

which, by means of (2.1) and (5.5), takes the form
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ldrlf -+ forF — W77l + 6kli7F <O,
or
(6.4) I77IF = 6kli7]P -
From the inequalities (6.1), (6.3) and (6.4) we derive the inequality

f[75 @l k — 20 |af 01 — k) + 162k |¢[ly < 0.

We denote by F the following function
F=75|alk — 20 |a|'0(1 — k) + 162kir]?,
which, by means of (5.3) and (5.6), takes the form, at the point P,

F = 75k(ed, + aj, + a3)® — 2001 — k)ah, + o + azy)’

(6.5)
(itty + gt + @ty + 162k(at p0t300t56)" -

It is easy to show the inequalities
yplty, + Qyyltsg + aget;; < 0y + g + g,
(6.6) 2N ypts050)* < (e, + iy + aje)® .

From (6.5) and the inequalities (6.6) we conclude that if £ > 20/101, then
F > 0, where the equality holds if &, = a;, = a;; = 0.

From the above we derive

Theorem II. Letr M be a compact orientable negative k-pinched manifold
of dimension 7. If k > 20/101, then KM, R) = 0.

The author is deeply indebted to Professor S. Kobayashi for many helpful
suggestions.
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